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Abstract— This paper presents an efficient approach for plan-
ning collision-free, dynamically-feasible, and low-cost motion
trajectories that satisfy task specifications given as formulas in
a temporal logic, namely Syntactically Co-Safe Linear Temporal
Logic (LTL). The planner is geared toward high-dimensional
mobile robots with nonlinear dynamics operating in complex
environments. The planner incorporates physics-based engines
for accurate simulations of rigid-body dynamics.

To obtain computational efficiency and generate low-cost
solutions, the planner first imposes a discrete abstraction by
combining an automaton representing the LTL formula with a
workspace decomposition. The planner then uses the discrete
abstraction to induce a partition of a sampling-based motion
tree being expanded in the state space into equivalence classes.
Each equivalence class captures the progress made toward
achieving the temporal logic specifications. Heuristics defined
over the abstraction are used to estimate the feasibility of
expanding the motion tree from these equivalence classes and
reaching an accepting automaton state. Costs are adjusted
based on progress made, giving the planner the flexibility to
make rapid progress while discovering new ways to expand
the search. Comparisons to related work show statistically
significant computational speedups and reduced solution costs.

I. INTRODUCTION

A growing number of robotics applications in mobile navi-
gation, manipulation, and game design necessitate reasoning
with both discrete actions and continuous motions. In this
context, Linear Temporal Logic (LTL) has often been used to
express tasks by combining propositions with logical (∧ and,
∨ or, ¬ not) and temporal (© next, ♦ eventually, ∪ until, �
always) operators. For instance, the task of inspecting several
areas in a warehouse can be expressed as

♦πA1
∧ . . . ∧ ♦πAn

, (1)
where πAi

denotes the proposition “robot inspected area Aj .”
As another example, the task “after cleaning a dirty area go
to a corresponding waste station,” can be expressed as

♦ ((πD1
∨ . . . ∨ πDn

) =⇒ ♦(πW1
∨ . . . ∨ πWm

)) , (2)
where πDi and πWj denote the propositions “robot cleaned
area Di,” and “robot is in waste station Wj ,” respectively.
LTL can also be used to impose partial ordering such as
“clean D1, D2 before D3, D4,” which can be expressed as

(¬πD3 ∧ ¬πD4) ∪ ((πD1 ∨ πD2) ∧©(πD3 ∨ πD4)). (3)
Given a robot model, an initial state, a description of

the environment, and a specification φ in temporal logic,
the problem considered in this paper is to plan a collision-
free and dynamically-feasible motion trajectory that satisfies
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φ. Such problem poses unique computational challenges
stemming from (i) robot dynamics and collision avoidance,
(ii) temporal constraints, and (iii) intertwined dependencies
between motion trajectories and temporal constraints.

Robot dynamics express the relation between input con-
trols and the resulting motions, taking into account the
physical properties of the robot. As dynamics for complex
systems are often nonlinear and high-dimensional, it makes
motion planning quite challenging, especially when the robot
has to operate in complex environments [3], [6]. As a result,
motion planning has traditionally focused on reachability
where the objective is to plan a feasible trajectory to a goal
region. In this context, sampling-based motion planning has
shown promise (cf. [4], [13]).

Challenges arise at the discrete level, as well, and signif-
icant work in AI is devoted to effective task planning (cf.
[19]). In this domain, the task is typically broken down into
discrete sequences of actions to be executed by the robot.

When considering the combined motion-planning problem
with dynamics and LTL specifications, there are additional
challenges due to the intertwined dependencies. In fact, a
discrete solution that satisfies an LTL formula φ may not be
feasible due to constraints imposed by obstacles and dynam-
ics. In the other direction, collision-free and dynamically-
feasible trajectories may violate constraints imposed by φ.

Due to the computational challenges of motion planning
with dynamics and LTL, research has considered various
simplified settings and tradeoffs. A body of work has focused
on synthesizing provably-correct controllers from LTL speci-
fications [9], [10], [12], [15]. While this research can handle
general LTL, it is limited by the bisimulation assumption,
which requires a controller that can ensure dynamically-
feasible and collision-free motions between neighboring re-
gions. Ensuring bisimulation is a challenging and open prob-
lem for high-dimensional systems with nonlinear dynamics
[3], [6], such as those considered in this paper.

The work in [23] creates a sparse random graph (RRG),
a variant of RRT [14], to generate paths that satisfy LTL
specifications. Similar to the controller synthesis, this work
requires a controller that can guarantee steering between any
two states, i.e., solve two-value boundary problems [2], [8].
The work in [7] uses a variant of RRG for optimal motion
planning with deterministic µ-calculus. Due to rewiring of
tree branches, this work requires a controller to provide
optimal steering between any two states.

This paper proposes an effective approach for motion
planning with dynamics and LTL specifications based on
a discrete abstraction and sampling-based motion planning.
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The planner is geared toward high-dimensional mobile robots
with nonlinear dynamics. The planner incorporates physics-
based engines, e.g., ODE, Bullet, PhysX, to model rigid-body
dynamics, friction, and nonflat terrains.

Motivated by related work towards a synergistic combi-
nation of layers of planning (Syclop and LTLSyclop)1, this
planner introduces several improvements. As in LTLSyclop,
the discrete abstraction is obtained by combining an au-
tomaton representing the LTL formula φ with a workspace
decomposition. LTLSyclop uses accepting paths in the ab-
straction to guide the sampling-based expansion of a motion
tree in the state space. Due to constraints imposed by
obstacles and dynamics, however, LTLSyclop often wastes
computational time before realizing that the current guide
should be abandoned due to lack of progress.

In this planner, improvements provide better interplay
between planning layers, reduced running times and solution
costs, incorporation of physics-based engines for accurate
simulations of rigid-body dynamics;, and simplified im-
plementation. The technical contribution has several key
aspects, such as (i) partition of a sampling-based motion
tree into equivalence classes as induced by an abstraction;
(ii) heuristic costs to estimate the feasibility of reaching
an accepting automaton state from each equivalence class;
and (iii) multi-objective selection of equivalence classes
based on heuristic costs, selection penalties, and trajectory
costs in order to promote both computational efficiency and
generation of low-cost solutions.

In contrast to LTLSyclop, a key aspect of the planner
is the use of the abstraction to induce a partition of the
motion tree into equivalence classes. Each equivalence class
captures the progress made toward an accepting automaton
state. Heuristic costs based on shortest abstract paths evaluate
the feasibility of expanding the motion tree to satisfy φ
from each equivalence class. In an incremental fashion, the
planner selects at each iteration an equivalence class and
then expands the motion tree from vertices associated with
the selected equivalence class. A multi-objective procedure
is employed to select equivalence classes based on heuristic
costs, selection penalties, and actual trajectory costs in order
to promote expansion toward accepting automaton states
while also discovering new ways to expand the search. The
proposed approach also incorporates physics-based engines
for accurate simulations of rigid-body dynamics, and it is
easier to implement as it does not require the complex
coverage and free volume estimates used by LTLSyclop

The efficiency of the planner is shown for nonlinear, high-
dimensional, robot models operating in complex environ-
ments, and for a variety of temporal logic specifications ex-
pressing sequencing, coverage, counting, and partial-ordering
tasks. Comparisons to LTLSyclop show statistically signif-
icant computational speedups and reduced solution costs.
The impact of the workspace decomposition on the overall

1Syclop refers to the synergistic framework used for motion planning with
dynamics [18]. LTLSyclop refers to the framework when it also incorporates
syntactically co-safe LTL. LTLSyclop was introduced in [16] in the context
of hybrid systems, and was adapted to motion planning in [1], [17].

performance of the planner is also evaluated.
We also note that this paper, as in LTLSyclop [1], [17],

considers syntactically co-safe LTL formulas, which use
¬,∨,∧,©,♦,∪ but not � when written in positive-normal
form (¬ appears only in front of atomic propositions) [21].
Syntactically co-safe LTL can be interpreted over finite
discrete traces, which is necessary when planning finite
motion trajectories, as it is the case in sampling-based motion
planning. By considering co-safe LTL, the proposed planner
is able to account for high-dimensional systems, nonlinear
dynamics, physics-based interactions, and complex environ-
ments. This provides a tradeoff with controller-synthesis and
deterministic µ-calculus approaches [7], [9], [10], [12], [23]
which can handle general LTL but require a controller which
can guarantee bisimulation or steering between states.

II. MATHEMATICAL FRAMEWORK

This section defines motions in the continuous space, LTL
representation and interpretation over continuous motion
trajectories, and the problem statement.

1) Robot Models and Motion Trajectories: A state s ∈ S,
where S is the state space, defines position, orientation, linear
and angular velocities, and other components that change as
a result of motion. A state is valid if the robot is not in
collision and state values are within bounds, as determined
by a function VALID : S → {>,⊥}. A control u ∈ U , where
U is the control space, defines external inputs to control
the robot. Robot dynamics determine the motion trajectory
ζ : [0, T ] → S resulting from applying the control function
ū : [0, T ]→ U , starting from a state s ∈ S. This relation is
encapsulated by a function

snew ← MOTION(s, u,∆t),

where the new state snew is obtained by applying u to s
for a short time duration ∆t. When dynamics are defined
by differential equations f : S × U → Ṡ, MOTION can be
implemented, for example, as a Runge-Kutta integrator. More
accurate simulations of rigid body dynamics are obtained by
using physics-based engines such as Bullet [5] and ODE
[22]. Section IV-A.1 provides examples of robot models.

2) LTL Syntax and Semantics: Let Π denote the set of
propositions. Every πi ∈ Π is a formula. If φ and ψ are
formulas, then so are ¬φ, φ ∧ ψ, φ ∨ ψ, ©φ, ♦φ, �φ, φ ∪
ψ. Let Σω denote the set of infinite traces over Σ = 2Π.
Let σ ∈ Σω and let σi denote the i-th postfix of σ. The
notation σ |= φ indicates that σ satisfies φ and is defined as
σ |= π if π ∈ Π and π ∈ σ0; σ |= ¬φ if σ 6|= φ
σ |= φ ∧ ψ if σ |= φ and σ |= ψ; σ |=©φ if σ1 |= φ;
σ |= φ ∪ ψ if ∃ k ≥ 0: σk |= ψ and ∀ 0 ≤ i < k : σi |= φ
Also, ⊥ = π ∧ ¬π; > = ¬⊥; φ ∨ ψ = ¬(¬φ ∧ ¬ψ); ♦φ =
> ∪ φ; �φ = ¬♦¬φ. Details can be found in [11].

3) Syntactically Co-Safe LTL: Under some restrictions,
LTL formulas can be interpreted over finite traces. In partic-
ular, an LTL formula φ is co-safe if any infinite trace that
satisfies φ has a finite prefix, which, when concatenated with
any infinite trace, it still satisfies φ [21]. Such prefixes are
referred to as good prefixes of φ. There are also syntactical
restrictions that lead to co-safety: an LTL formula containing
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only ¬,∨,∧,©,♦,∪ when written in positive-normal form
(¬ appears only in front of atomic propositions), is co-safe.

4) Automata Representation: The set of all good prefixes
characterizing a syntactically co-safe LTL formula φ can be
represented as a nondeterministic finite automaton (NFA)
[11]. Fig. 1 shows an example. An NFA can be determinized
to obtain a DFA, which is more amenable to computation.

z0

z1

z2

π1 ∨ π2 π3

(π1 ∧ π3) ∨ (π2 ∧ π3)

⊤

⊤

⊤

Fig. 1. NFA representing all the finite good prefixes of the syntactically
co-safe LTL formula φ = ♦((π1 ∨ π2) ∧ ♦(π3)).

A DFA is a tuple A = (Z,Σ, δ, zinit,Accept), where Z
is a finite set of states, Σ = 2Π is the input alphabet, δ :
Z ×Σ→ Z is the transition function, zinit ∈ Z is the initial
state, and Accept ⊆ Z is the set of accepting states. The
extended transition function δ̂ : Z × Σ∗ → Z is defined in
the usual way, i.e., ∀z ∈ Z,w ∈ Σ∗, a ∈ Σ:

δ̂(z, ε) = z and δ̂(z, wa) = δ(δ̂(z, w), a).

A accepts σ ∈ Σ∗ iff δ̂(zinit, σ) ∈ Accept. As a result, σ |= φ
when σ is accepted by the DFA A representing φ.

5) LTL Semantics over Motion Trajectories: As in related
work [1], [10], [17], a workspace W contains several obsta-
cles O1, . . . , O` and several regions of interest P1, . . . , Pn,
corresponding to propositions π1, . . . , πn. Fig. 3 provides an
example. A proposition π0 is associated with the unoccupied
workspace area P0 = (W\O)\∪ni=1Pi, where O = ∪`i=1Oi.
A function PROP : W → Π maps each point p ∈ W to the
proposition in Π = {π0, π1, . . . , πn} that holds there, i.e.,

PROP(p) = πi ⇐⇒ p ∈ Pi.
For convenience, the notation PROP(s) is used as shorthand
for PROP(position(s)), where position(s) denotes the position
component of the continuous state s ∈ S.

The discrete trace of a trajectory ζ : [0, T ] → S,
denoted by TRACE(ζ), is defined by the sequence of regions
P0, P1, . . . , Pn reached by ζ. A region Pi is said to be
reached by ζ if PROP(ζ(t)) = πi for some 0 ≤ t ≤ |ζ|, where
|ζ| denotes the time duration of ζ. Fig. 2 shows an example
of a trajectory and its trace. As a result of this mapping, ζ

P0

P3

P1

P2

Fig. 2. The discrete trace of the trajectory is [π0, π3, π0, π1, π0, π2, π0].

is said to satisfy a syntactically co-safe LTL formula φ iff
δ̂(zinit, TRACE(ζ)) ∈ Accept.

6) Problem Statement: Given
〈S,U,MOTION,∆t, VALID, sinit,W,Π, PROP, φ〉

compute a control function û : [0, T ] → U such that the
resulting dynamically-feasible trajectory ζ : [0, T ] → S

is collision free and satisfies the syntactically co-safe LTL
specification φ, i.e., TRACE(ζ) |= φ.

III. METHOD

Pseudocode is given in Algo. 1. The main components of
the planner are described below.

LTLMOTIONPLANNER
a1 A ← AUTOMATON(φ)
a2 D = (R,E)← WORKSPACEDECOMPOSITION(W)
a3 [h(〈z, r〉) : z ∈ A, r ∈ R]← HEURISTICS(A, D)
a4 T ← ∅; Γ← ∅; ADDVERTEX(null, sinit,null)
a5 while TIME() < tmax
a6 Γ〈z,r〉 ← SELECTEQUIVALENCECLASS(Γ)
a7 v ← EXPANDMOTIONTREE(T ,Γ〈z,r〉)
a8 if zstate(v) ∈ Accept then return TRAJ(T , v)
a9 return null

EXPANDMOTIONTREE(T ,Γ〈z,r〉)
b1 v ← SELECTVERTEX(Γ〈z,r〉)
b2 for several steps do
b3 u← CONTROLLER(state(v))
b4 snew ← MOTION(sstate(v), u,∆t)
b5 if VALID(snew) = ⊥ then return null
b6 vnew ← ADDVERTEX(v, snew, u)
b7 if zstate(vnew) ∈ Accept then return vnew
b8 v ← vnew
b9 return null

ADDVERTEX(v, snew, u)
c1 vnew ← NEWVERTEX(T ); parent(vnew)← v
c2 sstate(vnew)← snew; control(vnew)← u
c3 zstate(vnew)← δ(zstate(v), PROP(snew))
c4 〈z, r〉 ← 〈zstate(vnew), REGION(snew)〉
c5 if (Γ〈z,r〉 ← FIND(Γ, 〈z, r〉)) = null then
c6 Γ〈z,r〉 ← NEWABSTRACTGROUP(Γ, 〈z, r〉)
c7 vertices(Γ〈z,r〉)← INSERT(Γ〈z,r〉, vnew); return vnew

Algorithm 1: Pseudocode for the proposed planner.

A. Discrete Abstraction

The planner uses a simplified abstract version of the
problem which ignores the dynamics and treats the robot as a
point mass to guide the overall search. The discrete abstrac-
tion is obtained by combining the automaton A representing
the LTL formula φ with a workspace decomposition.

1) Workspace Decomposition: The unoccupied
workspace area, P0 = (W \ O) \ ∪ni=1Pi, is decomposed
into a number of nonoverlapping (except at the boundary)
regions W1, . . . ,W`. The physical adjacency among
these and the regions P1, . . . , Pn associated with the
propositions of interest π1, . . . , πn is expressed as a graph
D = (R,E), where R = {W1, . . . ,W`, P1, . . . , Pn} and
E = {(ri, rj) : ri, rj ∈ R and ri, rj share a boundary}.

Each W1, . . . ,W` is labeled with π0, while a region Pi is
labeled with πi. A function REGION : W → R locates the
region that contains the input point, returning an error if the
point is inside an obstacle. For convenience, REGION(s) with
s ∈ S is used as shorthand for REGION(position(s)).

As in related work [1], [17], this paper uses triangula-
tions for the workspace decomposition. Triangulations are
preferred over grid-based decompositions as they preserve
the geometry of the obstacles, i.e., triangles do not intersect
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obstacles. To ensure that the decomposition of P0 does not
overlap with obstacles and regions of interest, the obsta-
cles and regions P1, . . . , Pn are treated as holes inside the
workspace bounding box. The Triangle package [20] is used
for the computation of the triangulation. Fig. 3 provides
an illustration. The function REGION runs in polylogarithmic
time with respect to the number of triangles.

2) Product of the LTL Automaton with the Decomposition:
Using standard tools from model checking [11], the LTL for-
mula φ is converted into a DFA A. The discrete abstraction is
then defined as A×D. An abstract state 〈z, r〉 is composed of
the automaton state z ∈ Z and decomposition region r ∈ R.
The edges from 〈z, r〉 are defined as

EDGES(〈z, r〉) = {〈δ(z, PROP(r′)), r′〉 : (r, r′) ∈ E}.
3) Heuristic Costs: Consider a path Ξ in A × D from

〈z, r〉 to an accepting automaton state. If the robot can follow
Ξ, then the resulting trajectory will satisfy φ. Of course, due
to constraints imposed by dynamics and obstacles, it may
be difficult or even impossible to follow certain parts of Ξ.
Nevertheless, Ξ can serve as a heuristic to guide the planner
as it expands a motion tree in the continuous state space S.
For this purpose, the heuristic value h(〈z, r〉) is defined as
the length of the shortest path in A×D from 〈z, r〉 to an ac-
cepting automaton state, where the weight of an abstract edge
(〈z1, r1〉, 〈z2, r2〉) is defined as ||centroid(r1)− centroid(r2)||.
Dijkstra’s single-source shortest-path algorithm is used to
compute the heuristic costs in a single call. To do this, edges
are added from each abstract state 〈z, r〉 with z ∈ Accept to
a special abstract state 〈zspec, rspec〉. Dijkstra’s algorithm is
then run backwards using 〈zspec, rspec〉 as the source.

To provide a uniform range for different problems, the
heuristic costs are normalized in the range [ε, 1], i.e.,

h̃(〈z, r〉) = 1− (1− ε)h(〈z, r〉)
max〈z′,r′〉∈A×D h(〈z′, r′〉)

.

As explained in Section III-C, a small positive value ε rather
than zero is chosen for the abstract state with the maximum
heuristic value in order to have a nonzero probability of
expanding the motion tree from each 〈z, r〉.

B. Partition of the Motion Tree into Equivalence Classes
According to Abstract States

The discrete abstraction is used to induce a partition of
the motion tree T into equivalence classes. The motion tree
T is represented as a directed acyclic graph whose edges
are associated with collision-free and dynamically-feasible
trajectories. A vertex in T is associated with the initial state
sinit and is referred to as the root of T . The details of
how T is expanded are provided later in Section III-C.2.
For now, let TRAJ(T , v) denote the trajectory from the root
of T to the vertex v. Informally, vi and vj belong to the
same equivalence class iff TRAJ(T , vi) and TRAJ(T , vj) end
up in the same automaton state and same decomposition
region, and, thus, provide the same discrete information.
More formally, let sstate(v), region(v), zstate(v) denote the
continuous state, decomposition region, and automaton state

associated with the vertex v, respectively. Then,
sstate(v) = ζ(|ζ|), where ζ = TRAJ(T , v)

region(v) = REGION(sstate(v))

zstate(v) = δ̂(zinit, TRACE(TRAJ(T , v)))

An abstract state 〈z, r〉 then induces an equivalence class
Γ〈z,r〉 consisting of all the vertices that map to 〈z, r〉, i.e.,

Γ〈z,r〉 = {v : v ∈ T ∧ zstate(v) = z ∧ region(v) = r}.
The motion tree T is then partitioned into a number of
equivalence classes, i.e., Γ = {Γ〈z,r〉 : |Γ〈z,r〉| > 0}.
The partition, as described next, is used to effectively guide
the expansion of T in the continuous state space S.

C. Overall Guided Expansion of the Motion Tree

A motion tree T is expanded by adding collision-free and
dynamically-feasible trajectories as tree branches. Initially,
T contains sinit and Γ contains Γ〈zinit,REGION(sinit)〉. The overall
planner is driven by the following functions:

1) SELECTEQUIVALENCECLASS(Γ) selects an equivalence
class Γ〈z,r〉 ∈ Γ from which to expand T ; and

2) EXPANDMOTIONTREE(T ,Γ〈z,r〉) expands T by adding
a new collision-free and dynamically-feasible trajec-
tory from a vertex associated with Γ〈z,r〉.

The planner proceeds iteratively by invoking in succession
SELECTEQUIVALENCECLASS and EXPANDMOTIONTREE until a
solution is found or an upper bound on time is reached.

1) Selecting an Equivalence Class: The selection pro-
cedure seeks to promote both rapid expansions toward an
accepting automaton state and generation of a low-cost
solution trajectory. For the first objective, a set of candidates
Γcands is computed based on the heuristic costs. For the
second objective, the candidate in Γcands with the lowest
average trajectory cost is selected for expansion. This two-
step procedure, motivated by strategies in multi-objective
stochastic search, yielded better results than additive com-
binations of the heuristic and average trajectory costs.

For the computation of Γcands, a weight is defined based
on the normalized heuristic cost as

w(Γ〈z,r〉) =
(
h̃(〈z, r〉)

)α
βnsel(Γ〈z,r〉),

where nsel(Γ〈z,r〉) is the number of times Γ〈z,r〉 has been
selected for expansion, α ≥ 1, and 0 < β < 1. Note
that w(Γ〈z,r〉) is high when 〈z, r〉 is close to an accepting
automaton state according to paths in the abstraction A×D.
The paramater α serves to tune the strength of the heuristic,
while β serves as a penalty factor to avoid overexploration
of Γ〈z,r〉 or become stuck when expansions from Γ〈z,r〉 are
infeasible due to obstacles and dynamics.

The set of candidates, Γcands, includes not only the equiv-
alence class with the maximum weight but also some other
equivalence classes with large weights, where the likelihood
of inclusion is high when the weight is close to the maximum
weight. More specifically, Γ〈z,r〉 is included in Γcands iff

w(Γ〈z,r〉) ≥ κw(Γmax) and RAND ≤ exp(−λ+λ
w(Γ〈z,r〉)

w(Γmax)
),

where Γmax = argmaxΓ〈z′,r′〉∈Γ w(Γ〈z′,r′〉), 0 < κ ≤ 1,
λ ≥ 1, and RAND generates a random number in the
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interval (0, 1). Note that κ serves as a strict bound to ensure
that only equivalence classes with sufficiently high weights
are considered. Similar to the temperature in a Metropolis
criterion, λ serves to adjust the likelihood of inclusion.

To promote the generation of a low-cost trajectory, the
motion tree T is then expanded from the equivalence class
in Γcands with the miminum average trajectory cost, i.e.,

Γ〈z,r〉 = argmin
Γ〈z′,r′〉∈Γcands

1

|Γ〈z′,r′〉|
∑

v∈Γ〈z′,r′〉

cost(TRAJ(T , v)).

As an implementation note, the average trajectory cost is
updated each time a vertex is added to Γ〈z,r〉.

2) Expanding the Motion Tree: The motion tree T is
expanded from Γ〈z,r〉 by first selecting a vertex from Γ〈z,r〉
and then extending a collision-free and dynamically-feasible
trajectory starting from sstate(v) (Algo. 1:b).

Let zstates(T ) = ∪v∈T {zstate(v)} denote all the automaton
states that have been reached by T . The selection of v is a
three-step process that seeks to promote expansions toward
new automaton states. First, a target proposition πi is selected
uniformly at random from {πj : πj ∈ Π ∧ δ(z, πj) 6∈
zstates(T )}. Next, a target point p is sampled uniformly at
random inside one of the regions along the shortest path
from r to Pi in the decomposition graph D = (R,E). These
shortest paths are computed only once during initialization by
running Dijkstra’s algorithm using each Pi as the source.2

The motion tree T is then expanded from the vertex v in
Γ〈z,r〉 that is closest to p, where the distance from v to p is
computed as ||position(sstate(v)), p||. In this way, the selection
strategy promotes expansions from vertices in Γ〈z,r〉 that
could lead toward new automaton states. If all the automaton
states that have an incoming transition from z appear in
zstates(T ), then the target point p is selected uniformly at
random to promote expansions in new directions.

The control input u that is applied to sstate(v) is sampled
uniformly at random. This is a common strategy in sampling-
based motion planning as random controls promote expan-
sions along different directions [4], [13]. When available,
PID controllers that aim to steer sstate(v) toward the target
point p can also be used. The planner does not place any
requirements on these controllers, so exact steering is not
needed. A collision-free and dynamically-feasible trajectory
is obtained by applying u starting from sstate(v) and running
the motion simulator for several time steps. The new state
snew, obtained after each simulation step, is checked for
collisions. If a collision is found, the expansion terminates.
Otherwise, a new vertex vnew is added to T with snew as its
associated continuous state and v as its parent (Algo. 1:c1-
c2). At this time, zstate(vnew) and region(vnew) are also
computed. Note in particular that zstate(vnew) is computed
efficiently as δ(zstate(v), PROP(snew)) (Algo. 1:c3).

The equivalence classes are also updated accordingly. As
an implementation note, Γ is maintained as a hash map
indexed by 〈z, r〉. If vnew leads to a new abstract state, then
the corresponding equivalence class is created and added to

2Recall that Dijkstra’s algorithm is also used for computing the heuristic
costs, but, in that case, the search is over the discrete abstraction A×D.

Γ (Algo. 1:c6). In this way, the planner has the flexibility to
expand T from new equivalence classes in future iterations.

IV. EXPERIMENTS AND RESULTS

Experimental validation is provided using nonlinear, high-
dimensional, robot models operating in complex environ-
ments, required to perform various tasks written as syntac-
tically co-safe LTL formulas. Comparisons to related work
show statistically significant improvements both in terms of
computational time and solution cost. The impact of the
decomposition granularity is also evaluated.

scene 1

scene 2

Fig. 3. Robot models and scenes. Regions 1, . . . , 8 correspond to
propositions π1, . . . , π8. Scene 2 also shows a triangulation. Figures viewed
better on-screen or when printed in color. Video attachment shows solutions
obtained by the planner.

A. Experimental Setup

1) Robot Models and Scenes: A physics-based vehicle
model and a snake-like robot model are used for the exper-
iments. The vehicle, based on the model available in Bullet
[5], is controlled by setting the engine force and changing
the steering angle. The vehicle state consists of position,
orientation, linear velocity, steering angle, and angular ve-
locity. The vehicle model provides a challenging system as it
is high-dimensional and has nonlinear dynamics. Moreover,
as shown in Fig. 3, the vehicle is required to operate in
complex environments, moving through narrow passages and
over bumpy terrains in order to reach regions of interest in
accordance with the LTL specifications.

The snake-like robot is a high-dimensional model with
nonlinear dynamics obtained by attaching several trailers
to a car that pulls them as it moves. The differential
equations are as follows (adapted from [13, pp. 731]):
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ẋ = v cos(θ0); ẏ = v sin(θ0); θ̇0 = v tan(ψ)/L; v̇ =
a; ψ̇ = ω; θ̇i = v

d (sin(θi−1)− sin(θ0))
∏i−1
j=1 cos(θj−1− θj).

The robot state consists of (x, y, θ0, v, ψ, θ1, . . . , θN ), where
x, y, θ0, v, ψ denote the position, orientation, velocity, and
steering angle; θi is the orientation of the i-th trailer; L is the
body length of each trailer; and N is the number of trailers
(set to 15 in the experiments, so that S has 20 dimensions).
The robot is controlled by setting a (acceleration) and ω
(rotational velocity of ψ). The hitch length is set to a small
value (d = 0.01) so that the model resembles a snake.

2) LTL Formulas: Experiments are conducted using LTL
formulas to express strict sequencing, sequencing, coverage,
partial ordering, and counting tasks, as described below.

In the strict sequencing task, φnstrict-seq, the robot is required
to visit the regions of interest P1, . . . , Pn in order passing
only through P0 in between, i.e.,

φnstrict-seq =©(π1 ∧©(π0 ∧©(π2 ∧ . . .© πn)))

The more relaxed version of the sequencing task, φnseq,
only requires that there are times t1 < t2 < . . . < tn such
that the robot is in Pi at time ti, while allowing the robot to
visit any region P1, . . . , Pn in between, i.e.,

φnseq = ♦(π1 ∧ ♦(π2 ∧ ♦(π3 ∧ . . .♦πn)))

In the coverage task, φncov, the order does not matter as long
as the robot visits each P1, . . . , Pn, i.e.,

φncov = ♦π1 ∧ . . . ∧ ♦πn
In the partial-order task, φnhalf, the robot is required to first
visit regions P1, . . . , Pdn2 e in any order and then visit regions
Pdn2 e+1, . . . , Pn in any order, i.e.,

φnhalf =
(

(¬πdn2 e+1 ∧ . . . ∧ ¬πn) ∪ (♦π1 ∧ . . . ∧ ♦πdn2 e)
)

∪(♦πdn2 +1 ∧ . . . ∧ ♦πn)

In the counting task, φncount, the robot is required to repeat the
following n times: visit at least one region from P1, P2, P3

and then visit at least one region from P4, P5, P6, i.e.,
φ1

count = ♦((π1 ∨ π2 ∨ π3) ∧ ♦(π4 ∨ π5 ∨ π6))
. . .
φncount = ♦((π1 ∨ π2 ∨ π3)∧♦((π4 ∨ π5 ∨ π6)∧ φn−1

count))

3) Planners used in the Comparison: The approach is
compared to LTLSyclop [1], [17], using its most recent
version [17]. The implementation is highly optimized and
includes several features, such as switching between shortest
and random paths, and abandoning the current guide when
little progress is made. As discussed in Section I, controller-
synthesis or µ-calculus approaches [7], [9], [10], [12] require
a controller that can ensure bisimulation or optimal steering
between states, which is challenging and open to research
for the high-dimensional systems with nonlinear dynamics
considered in this paper.

4) Problem Instances: For each LTL formula type,
φnstrict-seq, φnseq, φncov, φnhalf, φ

n
count, the value of n is varied

from 1 to 8. For each scene and each n, 60 instances are
created by randomly placing the proposition regions and the
robot. To place the robot, a random placement is generated
uniformly at random until no collision occurs. To place Pk, a
random placement is generated uniformly at random until no
collision occurs and Pk is at least a distance d away from

the robot and the previously-placed regions P1, . . . , Pk−1.
The distance d avoids placing the proposition regions too
close to one another. Examples are shown in Fig. 3. Results
are reported for each combination of planner, scene, formula
type, and value of n. Note that each result is based on 60 runs
corresponding to the 60 instances for each combination of
scene and value of n. Running time includes all the time from
reading the input file to reporting that a solution is found.
Experiments were run on an Intel Core i7 (CPU: 1.90GHz,
RAM: 4GB) using Ubuntu 13.04 and GNU g++-4.7.3.

B. Results

Results comparing LTLSyclop and the proposed planner
both in terms of running time and solution costs are shown
in Fig. 4 and Fig. 5, respectively. Results on the impact of
the decomposition are shown in Fig. 6.

1) Results on Running Time: Fig. 4 shows the results for
each LTL formula type, φnstrict-seq, φnseq, φncov, φnhalf, φ

n
count, as a

function of n. In addition to the mean and standard deviation,
Fig. 4 shows the effect sizes in order to provide a statistical
measure on the magnitude of the improvements obtained by
the new planner, measured as

Hedges’g = (µ̄time,LTLSyclop − µ̄time,new)/σp,

where µ̄ is the sample mean, σp is the pooled standard
deviation, and new refers to this work. A common convention
in statistics is to categorize effect sizes into “small’ (less
than 0.2), “medium” (around 0.5), and “large” (above 0.8).
As shown in Fig. 4, the effect sizes of the approach over
LTLSyclop are all statistically large.

Our understanding is that the efficiency of the proposed
planner comes from the discrete abstraction A × D and
the heuristics it uses to guide the expansion of the motion
tree T toward an accepting automaton state. Moreover, by
applying a penalty after each selection of Γ〈z,r〉, the planner
reduces the likelihood of overexploration or becoming stuck
attempting to expand T from an infeasible Γ〈z,r〉. The
planner also avoids the dependence on long guides as it is
the case with LTLSyclop which tries to follow a discrete
path from 〈zinit, rinit〉 to an accepting automaton state. Due to
constraints imposed by obstacles and dynamics, LTLSyclop
often wastes computational time before realizing that the
current guide should be abandoned due to lack of progress.

2) Results on Solution Cost: Fig 5 shows the results on
solution cost, measured as the distance traveled by the robot.
LTLSyclop, due to the shortest-path search used to com-
pute guides, has been shown to produce low-cost solutions.
Results show that the proposed planner offers statistically
significant reductions in solution cost over LTLSyclop.

3) Impact of Decomposition Granularity: Fig. 6 shows
results when varying the decomposition granularity. Different
triangulations are obtained by adjusting the average triangle
area. The results indicate that the planner remains efficient
for a variety of decompositions.

V. DISCUSSION

This paper presented an efficient algorithm for planning
collision-free, dynamically-feasible, and low-cost motion
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Fig. 4. Results on running time. (top, middle) Mean and standard deviation for scenes 1 and 2. (bottom) Statistical effect size measured as Hedges’
g = (µ̄time,LTLSyclop − µ̄time,new)/σp, where µ and σp denote the sample mean and the pooled standard deviation, respectively. Effect sizes less than or
equal to 0.2 are typically deemed as “small,” around 0.5 as “medium,” and above 0.8 as large.
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Fig. 5. Results on solution cost. (top, middle) Mean and standard deviation for scenes 1 and 2. (bottom) Statistical effect size measured as Hedges’
g = (µ̄cost,LTLSyclop − µ̄cost,new)/σp, where µ and σp denote the sample mean and the pooled standard deviation, respectively. Effect sizes less than or
equal to 0.2 are typically deemed as “small,” around 0.5 as “medium,” and above 0.8 as large.

3732



 0
 3
 6
 9

 12
 15
 18
 21
 24
 27
 30

tr1 tr2 tr3 tr4

ti
m

e
 [

s
]

[seq6]

decomposition granularity

[scene1]

new
LTLSyclop

tr1 tr2 tr3 tr4

[cov4]
[scene1]

tr1 tr2 tr3 tr4

[half6]
[scene2]

tr1 tr2 tr3 tr4

[count6]
[scene2]

 0
 1
 2
 3
 4
 5
 6
 7
 8
 9

 10

tr1 tr2 tr3 tr4

s
o

lu
ti
o

n
 c

o
s
t

[scene1,seq6]

decomposition granularity
tr1 tr2 tr3 tr4

[scene1,cov4]

new
LTLSyclop

tr1 tr2 tr3 tr4

[scene2,half6]

tr1 tr2 tr3 tr4

[scene2,count6]

ti
m

e
: 

e
ff

e
c
t 

s
iz

e

decomposition granularity

 0
 1
 2
 3
 4
 5
 6
 7
 8

tr1 tr2 tr3 tr4

[scene1,seq6]

tr1 tr2 tr3 tr4

[scene1,cov4]

tr1 tr2 tr3 tr4

[scene2,half6]

tr1 tr2 tr3 tr4

[scene2,count6]

c
o

s
t:

 e
ff

e
c
t 

s
iz

e

decomposition granularity

 0.2
 0.5
 0.8
 1.1
 1.4
 1.7

 2
 2.3

tr1 tr2 tr3 tr4

[scene1,seq6]

tr1 tr2 tr3 tr4

[scene1,cov4]

tr1 tr2 tr3 tr4

[scene2,half6]

tr1 tr2 tr3 tr4

[scene2,count6]

Fig. 6. Results on the impact of the decomposition granularity. Triangulation tri corresponds to a triangulation where the average area of a triangle is
(i/80)% of the total workspace area. (left) Results on time (mean/std, effect sizes) (right) Results on solution cost (mean/std, effect sizes).

trajectories that satisfy co-safe LTL formulas. Some key
features of the planner include (1) a discrete abstraction
obtained by combining the automaton representing the LTL
formula with a workspace decomposition; (2) partition of
a sampling-based motion tree into equivalence classes as
induced by the abstraction; (3) heuristic costs to estimate
the feasibility of reaching an accepting automaton state
from each equivalence class; (4) multi-objective selection
of equivalence classes based on heuristic costs, selection
penalties, and trajectory costs in order to promote both com-
putational efficiency and generation of low-cost solutions.
The planner is geared toward high-dimensional mobile robots
with nonlinear dynamics. It also incorporates physics-based
engines for accurate simulations of rigid-body dynamics.
Comparisons to related work showed statistically significant
computational speedups and reduced solution costs.

In future work, machine learning could be used to auto-
matically adjust the cost parameters based on progress made
during the tree expansion. Abstraction refinement is another
venue which could prove beneficial to identify and refine
regions in the decomposition where not much progress is
being made. We will also pursue applications of the approach
in inspection, search-and-rescue missions, and game design.
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